Let H n be the number of claw-free cubic graphs on 2n labeled nodes. In an earlier paper we characterized claw-free cubic graphs and derived a recurrence relation for H n . Here We have veried this formula using known asymptotic estimates of cubic graphs with loops and multiple edges and also by the method of inclusion and exclusion.
we determine the asymptotic behavior of this sequence:
H n (2n)! e p 6n n 2e n=3 e (n=2) 1=3 :
We have veried this formula using known asymptotic estimates of cubic graphs with loops and multiple edges and also by the method of inclusion and exclusion.
1 Introduction
At the 1992 Kalamazoo conference at Western Michigan University, M. D. Plummer (see [Pl95] ) asked for the probabilistic behavior of hamiltonicity in claw-free cubic graphs, in the planar case and in general. In our rst paper [PaRR9x] approaching these problems, we used combinatorial reductions to derive a second order, linear homogeneous equation with polynomial coecients whose power series solution is the exponential generating function for claw-free cubic graphs. From this we derived the following recurrence relation for H n , the number of labeled claw-free cubic graphs of order 2n: Of course H n j is zero whenever j > n. With the initial conditions H 0 = 1 and H 1 = 0, (1.1) can be used to compute the values of H 2 ; ¡ ¡ ¡ ; H n+1 using just O(n) arithmetic operations each. In this way we computed the values shown in Table 2 In this paper, which forms the second stage of our approach to Plummer's problems, we determine the asymptotic behavior of H n . We will derive the asymptotic result of the theorem in two ways. The rst depends on the characterization of claw-free cubic graphs developed in [PaRRx] as well as the known asymptotic behavior of cubic general graphs (see [BeC78] or [Bo80] ). The second method takes a more direct approach using inclusion and exclusion, which eliminates considerable fussing over negligible contributions.
For general graph theoretic terminology we use [HP73] except for adopting the more conventional names \nodes and edges" instead of \points and lines". We assume a basic knowledge of labeled enumeration techniques using egf's, such as is found in Chapter 1 of [HP73] , as well as the terminology developed in [PaRR9x] used to characterize claw-free cubic graphs. From here on we frequently refer to the later as cfc's. In a cfc a node may be in exactly two triangles precisely if it is a node of degree 3 in an induced subgraph isomorphic to K 4 e; we call such a subgraph a diamond. A maximal set of diamonds which are adjacent in series is called a string of diamonds. A connected graph in which every node is contained in a diamond is called a ring of diamonds. A ring of diamonds must contain at least 2 diamonds.
2 Formulas for cubics and claw-free cubics
The notions of dilation and expansion of cubic general graphs, explained fully in [PaRR9x] , form the basis of our characterization of cfc's. Roughly speaking, a general cubic G is dilated by replacing each node u by a triangle, i.e. three new mutually adjacent nodes, say u a ; u b and u c . If u and v are adjacent in G, then u a and v a are adjacent in the dilation G H . As a consequence, G H is a cubic multigraph in which each node belongs to a triangle and the only multiple edges come from loops in G. Each loop in G gives rise to an instance of the conguration known as a trumpet in G H . Next G H is expanded by placing a string of at least one diamond on just one edge of every double edge of all the trumpets and arbitrary (possibly empty) strings of diamonds on the edges of G H that correspond to original edges of G. The end result is a graph G HH which is a cfc. Let G n be the number of labeled cfc's of order 2n that can be built in this way, i.e. by dilating and expanding general cubic graphs which have no components isomorphic to the triple edge of order 2. Our next goal is to determine the asymptotic behavior of G n .
Let Then it can be seen that the number of ways to form the adjacencies in a dilation is
Since a diamond must be assigned to each loop, there are j `! 0 remaining which can be strung on any of the 3m original edges of the dilation in ways to arrange the remaining labels in groups for the diamonds and 12 ways to assign labels to each of the j groups. On applying the multiplication principle, we arrive at (2.1). Now G n can be expressed in terms of the F (2n;`; d):
where the sum is over all relevant values of`and d.
To evaluate G n asymptotically we begin with a lemma for F (2n;`;d). Proof. The basis for this result is the following formula for g(2m;`; d) which holds for both`and d = o( p m):
It can be derived using inclusion and exclusion on two types of properties for loops and double edges (see also [BeC78] ). It can also be shown that for all`and d
and hence the total number of general cubic graphs of nodes 2m is dominated by the graphs for which (2.3) holds. It requires some more work to show that (2.3) holds for the summands which dominate in (2.1). Then on substituting the right side of (2.3) in (2.1) and eliminating m we obtain . The extraction from a power series of every r-th term is fully explained in Wilf's book [Wi90] (see pp. 47-48) and all of the details are given for the case we need with r = 3. As a consequence, the sum in (2.5) is asymptotic to (exp((n=2) 1=3 ))=3 from which the formula in the lemma follows. 2
On applying the lemma to formula (2.2) for G n together with justication for inclusions and exclusions of negligible terms, we have Note that the contribution to these cfc's built from cubic general graphs with loops is negligible. Let B n denote the number of claw-free cubic graphs of order 2n whose components consist of K 4 's, rings of diamonds and dilations and expansions of triple edges. We call these exotic components and set B 0 = 1. Of course B 1 = 0; B 2 = 1 and B 3 = 60. Now the total number of cfc's can be expressed in terms of the B n and G n :
(2.7)
Our next task is to show that the number of cfc's with exotic components is negligible, i.e. Now it can be shown that the sum in (3.1) is dominated by the terms for which (3.2) holds. In fact we can substitute the right side of (3.2) in (3.1) and apply the binomial theorem to obtain P (s; t) $ We summarize these results as follows. where the sum is over all solutions of 2m = 4s + 3t. In applying the theorem to obtain an asymptotic estimate of cfc(m), it is convenient to assume that 3jm and hence 3js. The same asymptotic evaluation of cfc(m) can be obtained for other values of m.
Since the approximation in the theorem is uniform in s and t we have Now this sum is split in two parts according as k log n or k > log n. Then it can be shown that for 2 k log n, the value of the sum is O(n 2=3+"
) and for log n < k n=2 it is O(n 1=3+" ), where " > 0 is arbitrary. Hence (4.1) is satised. We could also establish this using the fact that almost all cfc's are derived from general cubic graphs which are in turn almost surely connected. Furthermore, we could show that the later have almost surely no bridges except those caused by loops. But we have already seen that cfc's derived from general cubics with loops are negligible. Hence cfc's almost surely have vertex connectivity ! 2. Since they have about (n=2) 1=3 diamonds, we know also that < 3 almost surely. This result is in contrast with cubic graphs, which have = 3 almost surely [Wo79] . On the other hand, the estimate from our theorem is 10:931 ¢ 10 72 , which is the right order of magnitude but nevertheless a bit on the high side.
There is another check that can be made. Suppose we assume that for some constants c > 0 and a > 0
Then for xed k
Now on dividing both sides of the recurrence relation (1.1) by H n 1 and combining terms we can examine the exponents of the positive terms and nd that the only possible solution comes from the second term, which shows that we must have a result which also follows from formula (1.3) of our main theorem. It also follows easily from our theorem and the formula ((2.3) above with`= d = 0) of the second author [Re59] for the asymptotic number of cubic graphs that almost all cubic graphs have claws.
Finally we make a few comments about the number U n of unlabeled cfc's of order n. For any graph G, labeled or not, let s(G) be the number of automorphisms of G. Since the number of ways to label a graph of order 2n is (2n)!=s(G), Of course estimating the right side of (5.1) gives us only a lower bound for U n . We still have to show that the contributions of all the cases in which s(G) is actually bigger than 2 j (G) are negligible. This can probably be established using the fact that cfc's are derived from general cubic graphs. Evidently the latter have almost surely the identity group (see [McW84] ) for the case involving cubic graphs). Thus the automorphisms of almost all cfc's necessarily come from ipping diamonds.
